2007 AB Calculus Exam – Solution to Problem 1
Part A – with calculator
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1. You should recall the very familiar graph of 
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   So don’t be so fast with the calculator! 
   Now that you have the correct picture, 
   you can use the calculator to find the 
   intersection point(s),  
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 which you
   could have found ‘by hand’, right?

Since, the functions are both even, we’ll integrate from x = 0 to x = 3 and double…
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(b) Washer Method for Volume: 
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   Now big R = y1 and little r = y2 = 2, and double as in (a) 

   V = 
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(c) With semicircles, we have: 
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    Here, the diameter equals: y1 – y2  so… radius equals: 
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    And again, we’ll integrate from x = 0 to x = 3 and double...
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  2007 AB Calculus Exam – Solution to Problem 2

2. Looks easy… 

(a) 
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(b) Water decreases when it leaves, g(t), faster than it enters, f(t). g(t) > f(t) when 

the step graph (leaving rate) is higher than the sine graph (entering rate).

      No calculus here!  
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(c) Total amount of water (W) starts out at W​0 = 5000 gallons and the change in water (
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D

) is found by integrating the ‘entering rate’ minus the ‘leaving rate’…

      So at any time, t, the amount of water is given by: W = 
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      Now we have a max/min problem for water or W…
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. Now set this equal to zero and we have t = 1.617 and 5.076 hr.

       Since W is continuous on [0,7] , just check W(0) , W(1.617), W(5.076), W(7).

       W(0) = W​0 = 5000 is a relative max at least since in part (b) water was decreasing.

       W(1.617) is a relative minimum since f(t) > g(t) after 1.617 hr. At t = 3 seconds, we 

       have the absolute maximum amount of water, W(3), as the amount (area) of water 

       lost from 3 to 5.076 hr is greater than the amount added from t = 5.076 to 7 hr.  

       Come to think of it, a number line might have been easier?!?!

       W                        decr                 incr             decr                   incr
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        W(3) = 
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 = 5000 + 126.591 = 5127 gallons

        Relative maximum since 
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changes from + to 
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 at t = 3 hours.

        Absolute maximum since W(3) > W(0) = 5000 and W(3) > W(7) since the integral 

        from 3 to 7 is negative (g > f) .

  2007 AB Calculus Exam – Solution to Problem 3

3. When they say f & g are differentiable then they are continuous and smooth.

   Notice when they say g is increasing that means 
[image: image23.wmf]g'

> 0.  

   Notice also that:  h(x) = f(g(x)) – 6  is a composite function shifted down 6.

   Okay, this is going to be a tough problem!  Right off the bat, I’d say there is a 

   Mean Value Theorem in here somewhere! 

(a) 1 < r < 3 ??? Well let’s check out h(1) = f(g(1)) – 6 = f(2) – 6 = 9 – 6 = 3 whew!

     Now let’s check out h(3) = f(g(3)) – 6 = f(4) – 6 = -1 – 6 = -7 . Okay, I see the graph!
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 (b) Now when I see that ‘c’, I’m thinking Mean Value Theorem.

       So let’s calculate this mean value (average rate of change) = 
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       And the theorem says there must be a ‘c’ between r = 1 and r = 3 so that: 
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(c) Even this one is tricky!  ( “The derivative of the integral of f(t) is f(t)”

     So… if 
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, then 
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 but notice the upper limit of integration is not x but rather g(x), so 
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 and then we have another chain rule!!!
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. I don’t think many are going to get this one but at lease we’ll get a second chance on the final!
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 (d) Point-slope form for a line tangent to g-1  Wow, now they’ve brought in an inverse function too! (That’s worthy of two sad smiley’s ( (.)

     Well, let’s get the point at least. Hmm… x = 2, and g-1(2) = ???  How do we find y???

      The trick here is that if x = 2 is a domain element for g-inverse, it is a range (y)  

      element for g. Look for a g-value of 2… and we see that 
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      So our point (x,y) for g-1 is (2,1) and our equation is (almost!) y – 1 = m (x – 2).

      Last trick! The derivative of g-1 at x = 2 is the reciprocal of the derivative of g at x = 1

      If we call j(x) = g-1(x), then we can write: 
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 and finally for one   

     more point(!), our tangent line is:  
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2007 AB Calculus Exam – Solution to Problem 4

Part B – no calculator

4. Well, in theory we know what to do, but  
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 (a) My teacher said if I don’t know what to do… take a derivative or an integral!!!

      I’ll find ‘turn around points’ by setting the derivative of x equal to zero. Set v(t) = 0.

      That’s the ticket!  The product rule! I can do this! 
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= 0.

      It’s a good thing I’ll get partial credit here! I mean how do we solve this? 

      Factor out 
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. Now 
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 is always positive so  

      concentrate on the trig equation: 
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. Now move cosine over 

      to get:  
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 (Remember, they’re both 
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 when t = 
[image: image43.wmf]4

p

?) 

     So the turnaround points are at 
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. So just test the endpoints and these points.

     Farthest left means a minimum. x(0) = 0 and x(
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     hence we have an absolute minimum x-value when t = 
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(b) Now we have to find 
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    So… 
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 ??? Factor out the 
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 and hence A = ½ . 

    Now who’s going to get all those steps correct? I probably made a mistake myself! 

    And further… I don’t like this problem because if a student doesn’t try factoring out 
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    that student will be in trouble in both parts of this problem. 
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5. Can you see it? Here comes the Riemann sum problem! Oh yeah! 

    Hey, as I start reading this, I see it’s going to be a related rate problem too! I’m ready!

    So… first of all, be careful with that table… it’s not ‘r’, it’s the slope of r (that is, dr/dt).

    Also, the graph of r (vs ‘t’) is concave down and since dr/dt > 0, increasing. Sketch it?
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    Also, check out the ‘givens’ before we get rolling!  
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   (a) Using the tangent line (since we really don’t have the equation!) approximation…

         Tangent line? Point-slope form (as usual!)  y – y0 = m (x – x0)

         So… 
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              Since the curve (see sketch above) is concave down, this is an overestimate.

              The tangent line is above the curve.

   (b) Related Rates! An easy one!  
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         So… when t = 5, r = 30 and dr/dt = 2 (see the table),
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    (c) Be careful not to look at that sketch I made of r(t) above! Use the table!

         If you need a picture, plot a few points from the table and play dot-to-dot.

         Here’s another ‘faked’ curve for 
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 = 8 + 6 + 2.4 + 2.4 + .5 = 19.3 ft


It’s the change in radius (in ft) or here, the increase in the radius. 

      (d) Since the right Riemann sum is a lower sum on a decreasing curve,

            SRight < 
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    (I just threw that last part in as a bonus!)

2007 AB Calculus Exam – Solution to Problem 6

6. You got to write on the test, but I like to write down the givens here as I read on…
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    This looks easy. Not like #4 which was too difficult!

   (a) 
[image: image68.wmf]11

2

'()

x

x

fxk

=×-

 I told you (week #2) to memorize the derivative of 
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         Okay, so we’re going to have to express the radical as a ‘power function’ after all!

         Rewriting the first derivative as… 
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, we can now find d2y/dx2.
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    (b) Set dy/dx = 0 and plug in x = 1, solving for ‘k’.
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 Wow, that was easy!

    (c) Here set the 2nd derivative equal to zero. Uh oh, some negative & fraction exponents!

         Hey! They didn’t give us an x-value to plug in and solve for ‘k’? Hmm… what this 

         about the inflection point being on the x-axis? I get see it. It’s at some point (x, 0).

         y = 0 (ah ha!) means… but I can solve (without a calculator) 
[image: image74.wmf]()0ln

fxkxx

==-

?!?

         Well, my teacher said to ‘leave nothing blank’, so I’ll continue anyway…
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 (Algebra 2 honors students would multiply by x2.)

        If we get rid of the negative exponents first, we get: 
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        We still have to multiply by x2 to clear the x’s out of the denominators…
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  Whew! Okay, we’ve done that but we still have 2 letters!

        Solving for k, we get: 
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  (That should get us most of the points!) 

        If we’ve got time, let’s go back and try for all the marbles!   Let’s see (x,0)…

        Okay, plug in 
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 into the equation f(x) = 0 (recall y = 0 on the x-axis).
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.  So 
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 and exponentiating

        both sides (base e, right?)… we get the x-value we wanted… 
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        Finally, plugging this x-value into our (partial credit) answer for k (above)…


[image: image83.wmf]4

4

2

4

e

k

e

==


        Okay, that was fun! (or not!)… By the way… you won’t need this kind of calculus in 

        life, but if you want to make the big bucks in the financial world, you’ll have to pass 

        some math stuff to get promoted to those high paying vice president positions (and 

        SVP’s make even more!). 
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Since the graph is at y = 3, when r = 1 and at y = -7 when r = 3 and since the graph is continuous, 


it must take on every value between -7 and 3, that is any intermediate value such as y = -5.





r (ft)			


			        


        Of course, I just ‘faked’ the curve (smooth). 


                                       I think it will be good enough to handle this problem?





     dr/dt or � EMBED Equation.DSMT4  ���


                                         Draw in your own rectangle(s) using the right  


x-value for each subinterval.





				t (min)
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