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     Let letters p, q, r, s... represent

 statements such as:

      p: x2.  

      q: Linus has a sincere pumpkin pat

ch. 

Terminology

     a) disjunction     pq     (inclusiv

e) "or"

     b) conjun

=

Ú

ction    pq     "and"

     c) negation            ~p      "not

-p"

     d) implication      pq  "p implies 

q" or "If p is true, then q is true."

     e) equivalence     pq  "p if and on

ly if q" or "p i

Ù

®

«

s equivalent to q"

     

Truth tables define these symbols and ot

her combinations of these symbols.
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[image: image3.wmf]    -Notice that the disjunction '' is o

ur 'inclusive or' often read 'p or q or 

both'.

English 'or' is often meant as an 'exclu

sive or' as in 'You may have my cake or 

my pie.'

(Don't even think about t

Ú

aking both!) What's the truth table for 

the 'exclusive or'?

    -Notice that '~q~p' has the same tru

th table values as 'pq'. This shows that

 

the two statements are logically equival

ent. '~q~p' is sa

®®

®

id to be the contrapositive 

of 'pq'. In english(!) consider the foll

owing two implications: 

(1)"If it rains, I won't play baseball."

 

(2)"If I'm playing baseball, then it's n

ot raining."

    *When the 

®

hypothesis (if-part) is false, then the 

implication is said to be true, 

regardless of whether or not the conclus

ion (then-part) is true or false.

"If 1=2, then the sun is black." is a tr

ue implication 

whether the sun is black or not.

It sounds weird, but the implication can

 never be tested or shown false if the h

ypothesis 

is never satisfied. If the hypothesis is

 never true, you can't be proven wrong

. You're safe!


Necessary and Sufficient Conditions (If and only if)

[image: image4.wmf]The implication 'pq' is read "p implies 

q", "if p, then q", "q if p", "p only if

 q"

This last one is tricky. 'p only if q' i

s equivalent to 'if p, then q'. Hmm...

'Only if q is true does it follow that

Þ

 p is true.' Hmm... Well... if q were fa

lse, then...

p couldn't be true since p-true would im

ply q-true (we're assuming 'pq' is true)

!

Its converse is 'qp'. Recall the definit

ion of the contrapositive

Þ

Þ

 of 'pq'.

Let 'pq' be "If the sun rises, then I wi

ll go to school."

converse: "If I go to school, then the s

un must have risen."  qp

contrapositive: "If I don't go to school

, then the sun did not rise

Þ

Þ

Þ

." ('~q~p' 'pq')

We say 'p is a sufficient condition for 

q' iff pq.

We say 'p is a necessary condition for q

' iff qp.

We say 'p is a necessary and sufficient 

condition for q' iff pq.

Recall 'p if q'

Þ«Þ

Þ

Þ

Û

 is equivalent to 'if q, then p'.

Recall 'p only if q' is equivalent to 'i

f p, then q' (the toughy!).


Valid Arguments

[image: image5.wmf]A valid argument is an implication which

 is always true.

Any statement which is always true is ca

lled a tautology. An argument is a compl

ex

implication. An implication which is a t

autology is called a v

alid argument.

ex/ The classic syllogism is a valid arg

ument. (A complex implication and tautol

ogy.)

     All men are mortal.  pq      [where

 p: Someone is a man.  q:Someone is mort

al.]

     Socrates is

Þ

 a man. p (true for Socrates)

     Socrates is mortal.q (true for Socr

ates)

The argument (complex implication) is "[

'pq'  p]q". Is this a tautology???

Let's check the truth table...  

\
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Look at the last column... All T’s!
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Deductive vs Inductive Reasoning
A valid argument is deductive reasoning.

Here is an example of an argument (implication) which is not valid (not always true).


ex/ All communists read the Pravda. (p-true implies q-true)


     My neighbor reads the Pravda. (q-true)


    Therefore my neighbor is a communist. (p-true)
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Can you construct a truth table to show this argument is not a tautology? Hence this argument is not valid.

Another kind of ‘reasoning’ is call inductive reasoning. This implication or argument is not a tautology either and therefore it is not a valid argument. It is not an example of deductive reasoning.


ex/ It rained on Monday. It rained on Tuesday. It rained on Wednesday. It rained on Thursday. (Get the idea yet?) It rained on Friday. Therefore it will rain tomorrow on Saturday.

An indirect argument (reductio ad absurdum - reduced to an absurdity) is a valid argument. We set out to prove ‘p implies q’ by proving its contrapositve,

 ‘not-q implies not-p’. That is we assume that q is not true and show that it follows that p is not true (which would contradict the assumption of p implies q, ie, that we were to assume p is true). Therefore we conclude that our initial asssumption that q was false is indeed incorrect. We’ve shown that q must be true if p is true. qed.


ex/ Prove that  is an irrational number.

   
Assume the opposite, that is, say

[image: image8.wmf] 2 is rational, 2 in lowest terms (no co

mmon factors other than one) p,q
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then [image: image9.wmf]2
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 2 2is even is even, also

p

pqpp

q
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Let p=2k, then 
[image: image10.wmf]22222

422 is even is even, also
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Hence  
[image: image11.wmf] is not in lowest terms.

p

q


  2 would be a common factor of p and q. 

  Therefore, 
[image: image12.wmf]2 can't be rational. It must be irration

al. qed.
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    4. Truth Sets and Implications

      a) If :2:4 and T2and T2,2,

notice that pq if and only if TT

      b) If :2  :2 and T2,2 and T2,2,

notice that pq if and only if

pxandqx

pxandqx

====-

ÞÍ

===-=-

Û

pq

 TT (Equal truth sets means equivalent e

quations,

and vice versa.)

=


    5. Mathematical Induction Principle

Let’s just get to the proof with an example.


ex/ Prove that ‘p’ is true for all n=1,2,3,... where

      p:  
[image: image14.wmf]222

135...(21) The first n odd numbers sum t

o n,eg. 1+3+53

nn

++++-==



(i) Show true for n=1. Let’s just plug in 1 for n and we get 2(1)-1=12 (check!)


(ii) Assume p-true for n=k (ie, assume it works for some integer, k).
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135...(21) 
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 (Now we want to show that it follows that p is true for n=k+1 and then we’ll be done according to the Math Induction Principle. This means we want to show that 
[image: image16.wmf]2

135...(21)(21)(1) 

kkk

++++-++=+

where (2k+1) is the ‘k+1’ odd number. Whew!)



Let’s add (2k+1) to both sides of the equation above, getting...
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135...(21)(21)(21) 

kkkk

++++-++=++

(Now the left side is the sum of the first ‘k+1’ odd numbers and looks like the left side of ‘what we want’. Hmm... if the right side would look like (k+1)2. Okay, we’ll leave the left side alone and work on the right side.)
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135...(21)(21)21
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   (Now if I can factor...)
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135...(21)(21)1
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 (Ah, a perfect square trinomial!)


So ‘p’ is true for n=k+1 if it’s true for n=k, qed.


Therefore Tp={1,2,3,...} 
[image: image20.wmf]that is, p is true n(natural numbers).
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We’re going to need some practice with this! Let’s state the principle.


[image: image21.wmf]If T is a set of positive integers (T) w

ith the following properties:

     (i) 1T  and  (ii) kT  k+1T

then T contains all the positive integer

s (T).
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Now this appears similar to ‘inductive reasoning’ hence the name. (I think!)

So where does the Math Induction Principle come from and what makes it true?

Well-ordering Axiom - In any nonempty set of positive integers, there is a smallest element.


Now what does this mean? Well, consider an nonempty set of integers, 

say 
[image: image22.wmf]{
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S=7,13,25,3,8 then S has a least element

. Yup, I see it. It's '3'.



An axiom is a basic principle which is accepted without proof. It’s usually considered ‘obvious’ and safe to assume true. It may not be true, but the logical 

system is built upon such axioms. What do you think? Can we base our mathematics on such axioms as the Well-ordering Axiom? Well, we do...


I thought we were studying the Math Induction Principle? What does this axiom have to do with the previous page?!

 Stop! Skip the rest of this page, unless you really want to get into this!

Theorem/ The principle of math induction is equivalent to the well-ordering axiom.

 (That is, if you’ve accepted the well-ordering axiom as ‘obvious’ or as an axiom then we can prove that math induction logically follows.)


Proof: Let p: math induction and q:well-ordering axiom. We’ll prove 
[image: image23.wmf]pq
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 in two parts. (1) Show p implies q by proving the contrapositive ‘not-q implies not-p’.



(not-q) Let S be a nonempty set of positive integers with no smallest positive integer.



Let T be the set of all positive integers(n), such that n<s 

(T is the set of all positive integers smaller than any s in S.)



Now notice that 

(i) 
[image: image24.wmf]1T since 1 S (otherwise S would have a l

east element of 1.)
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(ii) Suppose 
[image: image25.wmf]T, then every integer, s, in S exceeds k

.

k
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If k+1 were in S, it would be the smallest integer in S, but recall (not-q) that S 


[image: image26.wmf]has no smallest integer. Therefore k+1 i

s in T, k+1T.
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(i) and (ii) imply (by the math induction principle, p) T is the set of all positive integers.

Contradiction since that implies S is empty and S was assumed nonempty.

Hence if p is true, our assumption not-q is false. p implies q. 


     (2) Show q implies p by proving the contrapositve (not-p implies not-q).

Another indirect proof... (not-p) Let S be a set (i)containing 1 and (ii)containing k+1 whenever it contains k. Furthermore we assume 
[image: image27.wmf]S(natural numbers)
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[image: image28.wmf]S doesn't contain all the positive integ

ers, violating the math induction princi

ple.



[image: image29.wmf]Now let TS (nonempty set since S(all pos

itive integers).
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[image: image30.wmf]Well-ordering property (there exists) bT

 which is the smallest in T.
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[image: image31.wmf]Since 1S, b1 hence  a number b1T which i

s in S, b1S.
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[image: image32.wmf]recall if b1kS, then b11bk+1S. Contradic

tion since bT.
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[image: image33.wmf]Hence not-q which means qp (S=). Parts 1

 and 2  p iff q (QED) whew!
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Pitfalls to watch out for...
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Mathematicians noticed that the coefficients were always 1 or -1, yet all attempts to prove this failed. Finally in 1941, V. Ivanov showed that the statement was true for all
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n < 105, but that one factor of 1was
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!!!!! Now if you’ve got a TI-89, you can factor x105-1 yourself and find this factor!


ex/ Show by “inductive reasoning” that the statement “n2-n+41 is prime” is true

for all n=1,2,3,... Well, it works for n=1, and it works for n=2 since 22-2+41=43 is prime, and it works for n=3 since 47 is prime, and it works for n=4, and...

Therefore, the statement must be true for all natural numbers (positive integers).

Can you find a positive integer which doesn’t work?

 
ex/ Prove by math induction that “2+4+6+...+2n=n2+n+2” for all n=1,2,3,...


Find the flaw in the following proof.


Assume true for n=k (2+4+6+...+2k=k2+k+2) 



(We want to show true for n=k+1 (2+4+...+2k+2(k+1)=(k+1)2+(k+1)+2))


Add 2(k+1) to both sides of the assumed true statement to get:


2+4+6+...+2k+2(k+1)=k2+k+2+2(k+1) (Now we’ll work on the right side.)


2+4+6+...+2k+2(k+1)=k2+k+2+2k+2=k2+3k+4 (Hmm, nothing yet. I wonder...)


I’ll bet (k+1)2+(k+1)+2 equals... yup! k2+2k+1+k+1+2=k2+3k+4 so...


2+4+6+...+2k+2(k+1)=(k+1)2+(k+1)+2 QED (a little Latin ought to impress!)


Therefore “2+4+...+2n=n2+n+2” for all n=1,2,3,... (What’s missing?)
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