




Rates of Change – Notes



p. 3
Instantaneous Rate of Change
What happens to 
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 if the second point, Q, is brought closer and closer to P? What happens as the 'change in x' gets small? The 'change in y' also gets small, but oddly enough, the ratio, 
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, need not approach zero even if both 'delta-x' and 'delta-y' go to 0.
Geometrically, as 'h goes to zero' or as 
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, the secant line becomes a tangent line at P(x1, f(x1)) as Q approaches P. 


The problem with the slope formula from algebra is that it requires 2 points and a tangent line at P has, by definition, only one point on the curve (in the neighborhood of P). 

So how do we find the slope of the tangent line at P(x1, y1)?


ex/ Find the slope of the tangent line to f(x) = x2 at x = 2. 


Our plan is to use the difference quotient for x = 2 and for x = 2 + h, and then take  
the 'limit' as h goes to 0.
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   Now take the limit.
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This limit is called the derivative of f(x) at x = 2, and written f'(2) = 4 or 
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= 4.

Fortunately, there is an easier way!


ex/ Find the slope of the tangent line to f(x) = x2 at x = 2.



If y = x2 , then dy/dx = f'(x) = 2x. Now just plug in x = 2 to get 4.

What we've got here is not just a particular limit or derivative, but a formula, f'(x) = 2x or general derivative. It is another function derived from f(x) = x2. How did we get this?

Thm / Power Rule: If f(x) = xa , then f'(x) = axa−1. 

ex/ y = x3, then y' = 3x2 and at (2,8) , mt = 12

ex/ 
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 , then 
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. So the tangent slope at (9,3) is 1/6.


ex/  
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, then 
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. So at the point (2, ½) , mt = −1/4
Thm/ Derivative of a Constant Function (y = k) is zero. (Think y = kx0, so y' = k(0)x−1 = 0)
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More theorems

Thm/ Slide Theorem: If h(x) = kf(x) , then h'(x) = kf'(x).


ex/ y = 3x4 , then y' = 12x3 

Thm/ Sum Theorem: If h(x) = f(x) + g(x), then h'(x) = f'(x) + g'(x).


"The Derivative of a sum is the sum of the derivatives."


ex/ y = 3x2 − 2x + 4 , then y' = 6x − 2

Def/  The derivative of f(x) at x1 is given by:
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ex/ Let's go back to our previous example and find the 'derivative' formula or function for f(x) = x2. (Notice we'll use 'x' for x​1​)
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So y' = 2x and mt = 4 when x = 2.


ex/ One last example showing a trick to finding limits with square roots…



Let 
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*So our derivative has two meanings. (i) The slope of the tangent line at a particular point and (ii) a general formula or derived function which will give us that tangent slope for any defined x-value.

**The interpretation of the derivative as the instantaneous rate of change of 'f' is especially useful when the independent variable is not x but rather 't' for time as will be discussed next.
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