THEORY OF EQUATIONS – Notes                            p.1
A. Synthetic Division, Remainder Theorem, Factor Theorem  

Polynomial Equations of nth degree in x

Pn(x) = anxn + an−1xn−1 + … + a1x + a0 = 0   (an
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ex/ A quartic equation in 'x − 2' is:

[Although in the the examples and




−(x − 2)4 + 3(x − 2) + 7 = 0
  exercises the coefficients will most









  often be real, the theorems are valid


ex/ A quintic or 5th degree polynomial
  
   for complex coefficients unless

  
      function in x:  P5(x) = 4x5 + x3 − x

   otherwise stated.]


Synthetic Division  when dividing by a binomial (x − c)     vs 'long division' 


ex/ Consider the division of a polynomial by a binomial:
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with dividend, P(x), and divisor, x − c
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The last row gives the coefficients of what's 

called the quotient, Q(x) = 3x2 + 4x + 12 
(or the depressed polynomial)

The 'R' (remainder) is actually the numerator of

the fractional remainder. So… what do we have?
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  in general or…
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Remainder Theorem – When P(x) is divided by (x − c), P(c) = R (the remainder).



"The remainder, R, equals the function value of the polynomial, P(c)."


Proof:  From the definitions above: Pn(x) = (x − c)Q(x) + R




  Now just plug in 'c' to get: Pn(c) = (c − c)Q(c) + R = R qed

ex/ If P(x) = 3x3 − 2x2 + 4x − 27, what are the 2 ways to find P(2)?


ex/ Use synthetic division to show that if P(x) = x4 − 2x2 + 3x − 5, then P(−2) = −3 

ex/ Find 'b' so that x3 − b2x2 − bx − 6 divided by x − 3 yields a remainder of 15
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Factor Theorem and the Fundamental Theorem of Algebra

Factor Theorem  "(x − c) is a factor of P(x) iff 'c' is a root of P(x) = 0."


"An 'x − c' factor 'is' a root." 



Proof: (i) Assume c is a root of the equation, P(x) = 0.




Then P(c) = 0 and by the Remainder Theorem, R = 0.




Hence, P(x) = (x − c)Q(x) + R = (x − c)Q(x) so (x − c) is a factor.




(ii) Assume (x − c) is a factor of P(x).




Then R = 0 and by the Remainder Theorem, we have P(c) = R = 0.




Hence 'c' is a root.





[Alternatively, just let x = c in our P(x) = (x − c)Q(x) + R to





  obtain: P(c) = (c − c)Q(c) + 0  or  P(c) = 0 hence (ii)]



(i) and (ii) prove the 'iff'.


Fundamental Theorem of Algebra


Every polynomial equation of nth degree in x has at least one root.



Corollary Every polynomial of degree n in x can be expressed as a 




product involving n linear factors.




Proof: By the fundamental theorem 
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 f(r1) = 0. 





[Read this last part as: "there exists an r1 such that…"]





By the Factor Theorem Pn(x) = (x − r1)Qn−1(x) ,





but Qn−1(x) is a polynomial ('depressed' by one degree) 


with at least on root, r2 , so that Qn−1(x) = (x − r2)Qn−2​(x) 

… hence, Pn(x) = an(x − r1)(x − r2)…(x − rn) qed
� EMBED Equation.DSMT4  ���





   vs 'Long Division'       


       3x2 + 4x + 12 − � EMBED Equation.DSMT4  ���


x − 2 � EMBED Equation.DSMT4  ���


           � EMBED Equation.DSMT4  ���


	          4x2 + 4x


		� EMBED Equation.DSMT4  ���


		         12x − 27


		          � EMBED Equation.DSMT4  ���


			        −3
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