THEORY OF EQUATIONS – Notes                            p.3

B. Roots and Descartes Rule of Signs

Thm/ Every polynomial equation of degree n has exactly n roots, where


a root of multiplicity m is counted as m roots. (Watch out for repeated roots.)



ex/ Consider the 3rd degree equation: (x − 2)3 = 0




We say there are 3 roots. One distinct root of multiplicity 3.

Corollary/ If two polynomials (degree not greater than n) are equal for more than n  


distinct values of x, then the coefficients of like powers are equal and the  


equality of the two polynomials is an identity (ie, true for all x).


Proof: Let P(x) and Q(x) be two polynomial functions of degree n with:



P(x) = anxn + an−1xn−1 + … + a0   and Q(x) = bnxn + bn−1xn−1 + … + b0


Equality for n distinct values of x means P(x) − Q(x) = 0 or 


      (an − bn)xn + (an−1​ − bn−1​)xn−1 + … + (a0 − b0) = 0 for more than n x-values



Now if even one coefficient (ai − bi) were not zero, we would have



an nth degree equation with more than n distinct root, violating the 



theorem stated above. Hence all the coefficients must be zero and



the 2 polynomial functions are identically equal.


ex/ Find the values of A and B so that:  7 − x 
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 A(x − 1) + B(x + 2)



Expand the right side and equate the coefficients of the 2 polynomials.

Finally, a theorem true for only polynomials with real coefficients…

Thm/ Imaginary roots of polynomial equations with real coefficieints occur in


'conjugate pairs'.


Proof:  Given P(a + bi) = 0 , then by the Factor Theorem, (x − (a + bi)) is a



factor of P(x). Let D(x) = (x − (a + bi))(x − (a − bi)) . The plan is to 



show that D(x) is a factor of P(x) and hence, so is (x − (a − bi)).



D(x) = ((x − a) + bi)((x − a) − bi) = (x − a)2 + b2 = x2 − 2ax + (a2 + b2) 



And 
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 (where Ax+B is the general linear remainder) 

Since (x − (a + bi)) is a factor of D(x) and P(a + bi) = 0, we have

   0 = 0 + A(a + bi) + B or  (Aa + B) + Abi = 0 (in complex form)

Hence Ab = 0 and b is not zero, so A = 0 (now use this result below)

Also we have Aa + B = 0 (and A = 0) so B = 0, so R = Ax + B = 0

then D(x) and (x − (a − bi)) are factors of P(x)  qed


Corollary/ Every polynomial of degree, n ≥ 1, with real coefficients can be 

 expressed as a product of real factors each of which is either linear or quadratic.



ex/ P(x) = x3 + 1 = (x + 1)(x2 − x + 1)    one real, two complex roots 
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Roots and Descartes Rule of Signs

Thm/ If a quadratic surd 
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 (where 'a' and 'b' are rational but 
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 is irrational) is a root of P(x) = 0 (P(x) has rational coefficients), 


then the conjugate surd 
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is also a root.

ex/ Show that P(x) = x2 + (
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) = 0 has a root of 
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but that it's conjugate, 
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, is not.

ex/ Show that for P(x) = x2 − 2x + (1 + 2i), P(2 − i) = 0, but not P(2 + i).


Lemma (for Descartes' Rule of Signs)/ Given P(x) with real coefficients with a  



factor of 'x − c' ( c > 0), then Q(x) will have at least one less sign variation  



than P(x).



ex/  P(x) = 2x4 − 7x3 + 6x2 − 10x + 3  with factor, x − 3.
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Notice P(x) has 4 sign variations (changes).
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  Q(x) has 3 sign changes. 


Descartes' Rule of Signs


Given P(x) = 0 with real coefficients,



(i) The # of positive roots is equal to the # of sign changes in P(x) or fewer



    by multiples of 2 (recall the complex roots will occur in conjugate pairs).



(ii) The # of negative roots is equal to the # of sign changes in P(−x) or fewer 



    by multiples of 2.



*Careful! Roots of multiplicity 'm' are counted as m roots.



ex/ P(x) = 2x5 + 4x3 + 3x2 − 1 = 0 has exactly one positive root or zero.



      P(−x) = −2x5 − 4x3 + 3x2 − 1 has 2 sign changes, hence…








P(x) = 0 has 2 or 0 negative roots or zeroes.


Rational Roots Thm/ If p/q (in lowest terms, reduced) is a rational root of Pn(x) = 0  





and Pn(x) has integer coefficients , 

then    (i) 'p' is a factor of the constant term and


(ii) 'q' is a factor to the coefficient of the nth degree term




ex/ P(x) = 2x2 − 4x − 6 = 0 = (2x − ?)(x − ?)  Recalling the Algebra I days!



Possible Roots: 
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where possible p's are 1,2,3,6 and possible q's are 1,2
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