THEORY OF EQUATIONS – Notes                            p.5

C. Polynomial Functions

Graphs of Polynomial Functions (with real coefficients)



Pn(x) = anxn + an−1xn−1 + … + a1x + a0 




D = Reals
If n is odd, then R = Reals






If n is even, then R 
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 Reals

Basic Shapes



n odd 


If an > 0 



If a​n < 0
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n even


If an > 0



If an < 0
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The derivative will be one less in degree. 
Hence the greatest number of 'bumps' or turning points possible is n − 1. 
All polynomials are continuous over the Reals. 

Location Theorem/ The existence of a root between x = a and x = b

Given P(x) = 0 with real coefficients. Suppose P(a) and P(b) 



have opposite signs (say a < b), then 
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"If P(a) < 0 and P(b) > 0, then there exists some number 'c' in the open 

 interval from a to b such that P(c) = 0." 


1st Transformation Thm/ Given Pn(x) = anxn + an−1xn−1 + … + a1x + a0 = 0 , 

obtain a new polynomial or equation whose roots are k times the roots of the original equation. Use P(x/k) = 0 = 
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ex/ Form a new equation from P(x) = 5x4 − 4x3 + 2x − 6 whose roots are

      3 times as great as the roots of P(x) = 0.  P(x/3) = 
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THEORY OF EQUATIONS – Notes                            p.6
Polynomials


1st Transformation (continued)



ex/ A 'cleaner' form for P(x/k) is:    anxn + an−1kxn−1 + … + a1kn−1x + a​0kn 


ex/ What are the roots of Sin−1x = 0 vs Sin−12x = 0?



ex/ What are the roots of Cos−1x = 0 vs Cos−12x = 0?


2nd Transformation Thm/ Transpose the coefficients to obtain reciprocal roots.


3rd Transformation Thm/ To obtain a new equation whose roots are negatives those



of the first equation, use P(−x) = 0


4th Transformation Thm/ To obtain a new equation whose roots are diminished 


by 'h', use P(x + h) = 0



Corollary/ To increase the roots by 'h' and shift the curve 'h' units right,



use P(x − h) = 0


Coefficients Theorem/ Pn(x) = anxn + an−1xn−1 + … + a1x + a0 = 0 
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        (Note: The equations are equivalent, 
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 (x − r1)(x − r2)(x − r3) … (x − rn) = 0    That is, they have the same roots.
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 xn − (r1 + r2 + … + rn)xn−1 + (r​1r2 + r1r3 + r1r4 + … + r1rn + r2r3 +… + rn−1​rn)xn−2 + 


(r1r2r3 + r1r2r4 + … + r1r2rn + r1r3r4 + … + rn−2rn−1rn)xn−3 − … +



 (−1)n(r1r2r3…rn) , the last (constant) term!


Corollary 1/ 
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Corollary 2/ 
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 = + (sum of the products of the roots taken two at a time)


Corollary 3/ 
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 = − (sum of the products of the roots taken three at a time)


…


Corollary n/ 
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ex/ Without solving the equation, 2x3 + x2 − x − 5 = 0, write the relationships 


between the roots (r1 , r2 , r3) and the coefficients (2, 1, −1, −5)



½ = − (r1 + r2 + r3)      −1/2 = +( r​1r2 + r1r3 + r2r3)        5/2 = −( r1r2r3)


ex/ Transform the equation 2x4 − 16x3 + 15x2 + 3x − 4 = 0 into a new equation 



with the n − 1 (3rd degree) term missing. This means we need r1 + r2 + r3 + r4 

to be zero!  −16/2 = − 8 = −(r1 + r2 + r3​ + r4) = 0  so r1 + r2 + r3 + r4 = 8 

Ah ha! Let's diminish each root by '2', so P(x+2) = 0 will do it! 

By the way P(x + 2) = 2x4 − 33x2 − 65x − 34 = 0 
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