Partial Fraction Decomposition – Notes

          p. 1
Introduction

First of all, partial fraction decomposition deals with proper fractions, where the numerators are of lower degree than the denominators. To resolve or decompose an improper fraction, we first divide as illustrated below.
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   yielding a polynomial and a 'proper' fraction


Shown here is the 'long division'.  
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Then resolve 
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Basically, we are trying to do the opposite of the first year algebra problem of adding rational expressions: 
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Now suppose we started with the 'answer' to the problem above:
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 and wondered if we could 'break it up' into fractions…


We will need to be able to factor the denominator into linear and quadratic factors.

Quadratic factors such as x2 + 1 and 2x2 + 3 are irreducible if they cannot be further factored into linear factors (with real coefficients). x2 − 3 is reducible over the reals as it can be factored as a difference of two squares into: 
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. Although theoretically any polynomial with real coefficients can be expressed as a product of real linear and/or quadratic factors (i.e., can be factored over the reals), we may not be able to easily factor to that point. The examples and problems given here are specially selected because the factoring is relatively easy.

We will identify 4 cases or types and we will use 2 methods to handle them.

I. Distinct Linear Factors
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(1) Proper fraction:  2nd degree numerator is less than the 3rd degree denominator.


(2) Also, the denominator has already been factored (3 distinct linear factors). 
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Method 1
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         (3) Add the fractions on the right side using the common denominator on the left.
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(4) Equate the numerators and (grouping like terms) equate the coefficients.
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(5) Solve the system of equations and write the decomposition answer.
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 6A = 6 and A = 1, B = 2 and C = −1 
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Method 2 Equate the numerator but do not expand and group like terms!
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Now substitute! let x = 2 and we get: 8 + 20 + 2 = 30 = B(3)(5) = 15B
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 B = 2 (As Keanu Reeves would say, "Whoa!")



Let x = −1, then 2 − 10 + 2 = −6 = A(−3)(2) = −6A    
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 A = 1



Let x = −3, then 18 − 30 + 2 = −10 = C(−2)(−5) = 10C   
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 C = −1

II. Repeated Linear Factors (Here we'll combine the two methods.)
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   Notice the numerators are still just constants.



Once again, use the common denominator to add and equate numerators.
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Using Method 2: 
Let x = 0, then we have  −4 = B(−2) , B = 2






Let x = 2, then we have 16 − 8 − 4 = 4 = 4C , C = 1



We could let x equal some other constant or switch to…



Method 1:  We can group the x2-terms and equate the coefficients to get:






4 = A + C , and get  A = 3



Answer: 
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