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p. 3
D. The Limit of a Sequence


First consider the following sequences.




(a) sn = 1/n
or 1, 1/2 , 1/3 , 1/4 , 1/5, …




(b) sn = 
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  or 1/2, 1/4, 1/8, 1/16, …




(c) sn = 
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The terms in each sequence are 'tending' toward a specific number. When this 



occurs, we say the sequence converges to that number and call such a number 



the limit of the sequence. Otherwise we say the sequence diverges.



ex/ Guess the limit of each sequence (or write 'divergent' if no limit exists):



(a) an = 5n + 2

(b) bn = a + (n − 1)d (d
[image: image4.wmf]¹

0)
(c) cn = 2n


(d) dn = (1/3)n 

(e) en = 1n 



(f) fn = (−1)n


(g) gn = 2(n − 1)2 + 3
(h) hn = log n


(i) in = 1/n


(j) jn = 
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(k) kn = 
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(l) ln = 
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Answers: (a) D  (b) D  (c) D  (d) 0  (e) 1  (f) D  (g) D  (h) D  (i) 0





(j) 3  (k) 4/3  (l) D? (not a sequence!)

We can say sn approaches 'L' as a limit as n approaches 'infinity' and we write:
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In practice, knowledge of many functions allows us to make 'educated' guesses of most limits. With a calculator and a defining equation, we can often just plug in a huge number like 10^99 and see what the calculator gives us. A formal definition of this limit concept and the formal limit proofs form the theoretical basis for calculus.


Try guessing some trickier limits of…


(a) sn = 
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(b) sn = 
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(c) sn = 
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(a) 0  (b) 0  (c) 0


(d) sn = 
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(e) sn = 
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(f) s​n = Tan−1
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 (d)
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 (e) 0 (f) 
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Consider again:  sn = 1/n. Our guess is that the limit is zero although it is clear that no term will ever equal zero. What if someone argues that −.000001 is the actual limit. Certainly no term will ever equal a negative number, but aren't the terms getting closer and closer to this proposed limit also? Let's consider a neighborhood centered about this proposed limit, say (−.000002, 0). Notice that we can't find any terms in this neighborhood. Consider a similar neighborhood which includes the actual limit, L = 0, say (−.000001, .000001). Here we see that past a certain large number (n = 1,000,000) all the remaining terms will lie in this neighborhood. Hence, '0' remains a good candidate for the limit. 
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Definition of the Limit of a Sequence
First some notation and terminology!

Let 
[image: image18.wmf]e

 (epsilon) represent our 'error tolerance'. It will be the radius of any neighborhood about a proposed limit. In the two examples above, 
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=1/1,000,000.


Let M (think a million or so!) be a large n-value past which all the terms of the sequence fall into the 
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-neighborhood about L.
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is read "there exists".
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 is read "such that".


To say sn is in an 
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-neighborhood of L is to write either:
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 read as "sn is in the open interval…"

or   
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  read as "sn is between…"

or   
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 read as "sn is within an 
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 of L."

Finally, the definition!


Def/ We say that "the limit of sn, as n approaches infinity, is 'L' and we write:
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That is, no matter how small the radius of the test neighborhood about 'L' (no matter how small one chooses 
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), past a certain point (M) all the terms of the sequence (sn) will 

be in that neighborhood (within an 
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 of 'L'). 


You give me any 
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> 0 and I'll show you an 'M' so that… 


This is 'the game'!

E. Limit Proofs

ex/ Prove:  
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The work will appear in 2 parts (i) scratch work where we will work backwards 


trying to find out when the terms, sn, will be within an 
[image: image38.wmf]e

 of L and looking for M.    

(ii) formal proof which will basically be a restatement of the definition of a limit.
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Proving: 
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Scratch Work




Proof
Let's see, when we're done we'll want

to have: 
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Let's work inside the absolute value

sign to see how big n must be.
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n > 0 so we can drop the absolute

value sign trying for…
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  we'll just flip…
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*So let's choose M = 
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then if n > M…

This should work for any 
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> 0

*The question arises, "Why do the 2nd column work when the first column seems to prove the limit?" If all the steps in the scratch work were 'reversible' we could have a proof, but in general the logical direction is not downward. We are rather saying, "We want such-and-such a statement. Now if only we had this next statement, we'd be in business. Now what do we need to get to this point?" etc. 


A couple of questions to illustrate non-reversible steps. 

Since |sin n| ≤ 1,



(a) (True/False) 
 |sin n| < a  
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 1 < a 



(b) (True/False)      1 < a  
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 |sin n| < a    

Prove: 
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Scratch Work : We want 
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 and since |sin n| ≤ 1, we have 
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If we had 
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, then we'd have what we want. (Notice the backward logical direction.)

Hey, if we flip the inequality, we get 
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, so let's choose M = 
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Proof  that: 
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Proof: For each 
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> 0, let M = 
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since |sin n| ≤ 1 gives us 
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 we can use the transitive property of inequality to get:
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  QED

Prove: 
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Scratch Work




Proof
We want 
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For any 
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> 0, let M = 
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Working with the fractions…


If n > M, then n > 
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n + 2 > 
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So if we had 
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which is equivalent to 
[image: image73.wmf]4

2

n

e

-

<

+


have:  
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if only we had n > 
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Let's choose M =  
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Hence,   
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For any � EMBED Equation.DSMT4  ���> 0, let M = � EMBED Equation.DSMT4  ���.


Now if n > M = � EMBED Equation.DSMT4  ���, then we have:


	� EMBED Equation.DSMT4  ���  hence  � EMBED Equation.DSMT4  ���


Since n > 0, we also have:


� EMBED Equation.DSMT4  ��� which is equivalent to:


� EMBED Equation.DSMT4  ��� or


� EMBED Equation.DSMT4  ��� hence


� EMBED Equation.DSMT4  ��� and therefore


L = 3   QED
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