




MATRICES – Notes        



p. 1
Matrix Multiplication and Addition
Def/ A rectangular array of numbers (usually enclosed in brackets) is called a matrix or

m x n matrix with m rows and n columns.
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Def/ aij is called the ij-th entry
Def/ m x n gives the size or shape of the matrix, A

Matrix Addition (Defined only for matrices of the same "size".)


Simply add the corresponding entries.



ex/ If  
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 , then




A + B = 
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Scalar Multiplication

Distribute the scalar.



ex/ Using A2x3 = 
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 , then   3A = 
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(Unlike determinants where 3Det(A) = 3 times one row or column, only)

Def/ Negative of A (or Subtraction)


Distribute the scalar '−1'



ex/ Using A2x3 = 
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 , then  −A = −1A = 
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ex/ Using A and B above, then    A − B = A + −B = 
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Def/ The zero matrix has all zero entries (ambiguous if the size of the matrix is unknown)



ex/     0 = 02x3 = 
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MATRICES – Notes        



p. 2

Matrix Multiplication and Addition
Def/ A = B (are equal) iff (i) they have the same size and (ii) corresponding entries match.

We can now prove our Matrix Properties


(i) (A + B) + C = A + (B + C) Associative, +


(ii) A + B = B + C Commutative, +

(iii) A + O = A  Additive Identity


(iv) A + (−A) = O  Additive Inverse


(v) rs(A) = r (sA) Associativity for scalar multiplication


(vi) r(A + B) = rA + rB Distributive Property (scalar times a matrix sum)


(vii) (r + s)A = rA + rB Distributive Property (matrix times a scalar sum)


(viii) 1A = A Scalar multiplicative identity


(ix) oA = O Scalar multiplicative zero

Matrix Multiplication (Also called 'row by column' multiplication)


Defined when the # of columns of the 1st matrix = the # of rows of the 2nd matrix.


The product has the # of rows of the 1st matrix and the # of columns of the 2nd. 


ex/  Let A2x3 = 
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  and B3x4 = 
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 , then AB = C2x4 

The ij-th entry of the product (AB) is found by taking the dot product of the


ith row of the 1st matrix with the jth column of the 2nd matrix.


ex/ Using A and B above, we get:  C = 
[image: image12.wmf]4733

13461

---

éù

êú

--

ëû




Where (to show a couple of dot products):

    c11 = 2(−1) + (−1)2 + 0(4) = −4  and  c23 = 1(0) + 0(3) + (−3)(−2) = 6


ex/ Verify some of the other entries.


ex/ So if we multiply a 3x2 matrix with a 2x3 matrix, the product will be 3x3


ex/ If a single column matrix (vector) is multiplied on the left of a square matrix,


the result is another single column matrix (vector).
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Compare this result with scalar multiplication of vectors: 
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(2x2 times a 2x1 results in a 2x1)


ex/ Matrix multiplication is not commutative since BA above is not defined.

MATRICES – Notes        



p. 3

Matrix Multiplication and Addition
Def/ A square matrix of order n has an equal number of rows and columns (n). 
Def/ An n-square matrix is called the Identity Matrix (In) when it has 1's on the diagonal

and zeros elsewhere.


ex/ I3 = 
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Thm/ For Anxn  and  In ,  AI = IA = A

Matrix Multiplication Properties for A, B, C 
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(i) AB 
[image: image18.wmf]nn
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(ii) (AB)C = A(BC) Associative, x


(iii) A(B + C) = AB + AC Distributive Property (multiplying on the left)


(iv) (B + C)A = BA + CA Distributive Property (multiplying on the right)


(v) A(rB) = (rA)B = r(AB)  r
[image: image19.wmf]Î

Reals  Associativity for 1 scalar and 2 matrices

(vi) AO = OA = O  Zero Matrix Multiplication Property

*Even with 'square' matrices (eg., 2x2 times a 2x2 results in a 2x2 matrix product), 


matrix multiplication is not commutative.


ex/ Let A = 
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  and  B = 
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 , then  AB = 
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 but BA = 
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Def/ A2 = AA 

ex/ Using A above, A2 = 
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ex/  Using B above, B2 = 
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ex/  Using A, B given above,  A + B = 
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(A + B)2 = 
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ex/ Using A, B, and A + B as shown above, 
(A + B)A + (A + B)B = A2 + BA + AB + B2 (by the right-side distributive property) 

Using A2 = 
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   and   BA = 
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  with 

AB = 
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   and    B2 = 
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 , 
A2 + BA + AB + B2 = 
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 = (A + B)2 but not equal to A2 + 2AB + B2 !
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Matrix Multiplication and Addition
Def/ A square matrix, A, is invertible if 
[image: image33.wmf]$

 a matrix, B, such that AB = BA = I  (A 
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Def/ B is the inverse of A and is denoted by A−1 (Notice A (= B−1) is also the inverse of B)
Thm/ If  A = 
[image: image35.wmf]1

1

  , then  A

db

AA

ca

AA

abdb

cdca

A

-

-

-

éù

-

éùéù

êú

==

êúêú

êú

-

ëûëû

ëû

  


det(A) = |A| and also note the exchange of the 'a and d' and the negation of 'b and c'.


Oh yeah, det(A) = ad − bc
Notice that a square matrix is invertible iff it's determinant is not zero. 


ex/  If  A = 
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and  AA−1 = A−1A = 
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(identity matrix)


ex/ Show that if 
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 hence  
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Compare this with the solution to the system of equations: 
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